Light propagation in two Swiss cheese models based on anisotropic Szekeres structures is studied and compared with light propagation in Swiss cheese models based on the Szekeres models' underlying Lemaitre-Tolman-Bondi models. The study shows that the anisotropy of the Szekeres models has only a small effect on quantities such as redshift-distance relations, projected shear and expansion rate along individual light rays.
I. INTRODUCTION
It is standard to interpret cosmological observations simply with the spatially homogeneous and isotropic Friedmann-Lemaitre-Robertson-Walker (FLRW) models.
Since the Universe is not exactly spatially homogeneous and isotropic, it is not a priori clear that this is a valid approach. However, it was argued in [1] that FLRW light propagation relations should be approximately valid for average observations in spacetimes exhibiting compensation of inhomogeneities along light rays. Such considerations were studied more thoroughly in [2, 3] , with the conclusion being that average observations should be well described by the volume-averaged dynamics and geometry in (spatially) statistically homogeneous and isotropic spacetimes with structures evolving slowly compared to the time it takes a light ray to pass through them, if light samples spacetime fairly 1 . Under these requirements, and to the extent that cosmic backreaction (see e.g. [4] [5] [6] [7] ) and a possible local inhomogeneity can be neglected, it is then valid to use FLRW models to interpret observations. However, the requirement of tracing spacetime fairly is not necessarily fulfilled for observations involving point-like sources such as supernovae (see e.g. [8, 9] ). The requirement is on the other hand expected to be fulfilled for observations related to sources with large angular extent such as the CMB [9] .
As pointed out in e.g. [10] , analyses of CMB observations depend crucially on the angular diameter distance * koksbang@phys.au.dk 1 A light ray is said to sample spacetime fairly if the averages of relevant quantities such as density, expansion rate etc. along the ray correspond well with the volume-averages of these quantities, with statistical deviations permitted.
to the last scattering surface, D A,ls . It is therefore important to know if there are small systematic shifts in the redshift-distance relation in inhomogeneous spacetimes fulfilling the above listed requirements, compared to the relation obtained using the volume-averages of such spacetimes (which correspond to FLRW models when backreaction can be neglected). Studies involving both perturbation theory [11, 12] , N-body simulations [13, 14] and exact, inhomogeneous solutions to Einstein's equations (e.g. [10, [14] [15] [16] [17] [18] [19] [20] ) imply that small shifts in the average value of D A due to inhomogeneities indeed occur. However, as discussed in e.g. [11, 12] , this shift in D A,ls is already included in standard analyses of the CMB based on perturbation theory. This conclusion is only valid to the extent that a small average shift in D A,ls actually is described adequately by perturbation theory. It is in this respect important to acknowledge that perturbation theory is only an approximation scheme and that subtle effects important for precision cosmology may be beyond its reach. This makes it important to test results obtained with perturbation theory to make sure that they are actually true for spacetimes exhibiting, especially nonlinear, structure formation. One tool for performing such tests is Swiss cheese models based on the spherically symmetric Lemaitre-Tolman-Bondi (LTB) [21] [22] [23] structures glued together in areas where they have reduced to FLRW "backgrounds" representing the volume-averages of the given Swiss cheese models. These (toy-)models give a description of spacetimes with energy-density fluctuations on well-defined average FLRW backgrounds and can thus be considered as describing "exact perturbations" on FLRW backgrounds. This makes Swiss cheese models based on LTB structures excellent for testing perturbative results. By using Swiss cheese models based on LTB struc-tures, it has been found that there are no large shifts in the average redshift-distance relation except as selection effects arising when only special light rays in a given spacetime are considered (see e.g. [16] vs. [24, 25] ). A noticeable exception is [26] where a 30% shift in the average redshift-distance relation compared to that computed using volume-averaged quantities was found at z = 100. However, it is not entirely clear to what extent this large shift is related to the occurrence of surface layers in the studied model.
Results based on Swiss cheese models with LTB structures should be in line with perturbation theory; it has been shown with direct comparisons that perturbation theory based on (semi-)nonlinear LTB density fields and the corresponding exact velocity fields reproduces exact light propagation in LTB models very well [27, 28] (see also [16, [29] [30] [31] [32] for the relation between LTB models and perturbation theory). An important factor for the impressive reproductions of light propagation in LTB models with perturbation theory in [27, 28] is the spherical symmetry of the LTB models; the reproduction is inhibited for anisotropic Szekeres structures because the method employed for obtaining velocity fields leads to artificial non-vanishing peculiar velocity fields outside non-spherically symmetric structures. That is, the method leads to non-vanishing peculiar velocity fields in regions where the exact anisotropic Szekeres models have reduced to FLRW models and hence should not give rise to peculiar velocity fields. This is unfortunate since real structures are not exactly spherically symmetric, making it important to know if spherical symmetry is essential for the agreement between Swiss cheese and perturbative results 2 . It is in this respect notable that anisotropic Szekeres models exhibit structure formation that deviates significantly from both that of the underlying LTB models and from predictions of perturbation theory [34] [35] [36] [37] [38] . In addition, it is very clear from figure 7a in [28] that light propagation is significantly affected by anisotropy; in that figure, it is seen that an initially radial light ray following an exact geodesic of an anisotropic Szekeres model moves through a significantly different density field than a light ray traced simply by using the Born approximation. Such a result is not possible for light rays in LTB models since the spherical symmetry dictates that an initially radial light ray remains so.
The above considerations imply the importance of studying whether the anisotropy of quasispherical Szekeres structures affects average observations of e.g. the angular diameter distance to the surface of last scattering. However, while there are ample studies involving light propagation in LTB models, only few studies involve observations in Swiss cheese models based on anisotropic Szekeres structures. In fact, only a single study of average observations in Swiss cheese models based on Szekeres models seems to exist, namely [17] . The results from that paper indicate a small average shift in the angular diameter distance compared to the background value. The study in [17] uses an ensemble average which is typical of Swiss cheese studies with an important exception being [15] where line-of-sight averages are used. As shown in [39] (see e.g. also [11, 40] ), second-order perturbation theory predicts that ensemble averages lead to a positive shift in the angular diameter distance while line-of-sight averages lead to a negative shift (with the shift defined as δD A :=
such that a negative shift corresponds to image magnification, and a positive to demagnification). In partial contradiction to this, positive shifts are obtained in both [15] and [17] , where the shift is, however, not statistically significant in the former. Furthermore, it has been shown that the ensemble average of the magnification
A is equal to 1 while its inverse averages to 1 upon line-of-sight averages [12, [39] [40] [41] . These results hold at least to second order in perturbation theory, insofar that perturbations to the areas of constant-redshift surfaces are negligible (which is generally assumed to be the case). However, the study in [15] finds a low probability of an average µ −1 equal to 1 while the erratum to [17] describes a good agreement with an average value of µ −1 of 1. In summary, the studies of average light propagation in Swiss cheese models do not seem to be entirely consistent with neither each other nor with perturbation theory.
The Swiss cheese models used in [15] and [17] differ from each other in significant ways aside from the anisotropy issue. Hence, a comparison between the results in those two papers cannot yield much insight into the possible effects anisotropic structure formation has on observations.
The purpose with the work presented here is to obtain such information, i.e. the study presented here is concerned with determining if the anisotropy of quasispherical Szekeres structures affects observations such as D A,ls and whether or not the anisotropy of the Szekeres models influences (dis-)agreement with perturbative results. The study is conducted by constructing four different Swiss cheese models that only differ in the shape of their individual structures. The structures in two of the models are anisotropic Szekeres structures, while their underlying LTB models are used for constructing the other two. By studying Swiss cheese models with both anisotropic structures and their "underlying" spherically symmetric structures, it is possible by direct comparisons to quantify effects of anisotropy. Besides computing the average of D A,ls in each of the models, the density, the distance-redshift relation, the shear and the expansion rate along individual rays are also studied.
II. MODEL SPECIFICATIONS
This section serves to introduce the Szekeres models and specify the particular models used in this study. In addition, a brief description of the construction of Swiss cheese models is given.
The quasispherical Szekeres models [42, 43] are exact, inhomogeneous dust solutions to Einstein's equations which can easily incorporate a homogeneous component with pressure [44] such as a cosmological constant. In general, the quasispherical Szekeres models have no Killing vectors [45] and hence no symmetries (see e.g. also [46] ). Their line element can be written as:
Subscripted commas followed by a coordinate or its index indicates partial derivative with respect to that coordinate.
The metric function E is given by E =
2S
, where S, P and Q are continuous but otherwise arbitrary functions of r (with S = 0). The functions P , Q and S represent dipole distortions of the spacetimes of "underlying" spherically symmetric LTB models. If they are chosen to be constant, the particular quasispherical Szekeres model reduces to such an underlying LTB model. In addition, the quasispherical Szekeres models have the FLRW models as their homogeneous and isotropic limit. The FLRW limit is achieved by setting E = 1 2 1 + p 2 + q 2 , k(r) ∝ r 2 and A(t, r) = ar, with a being the scale factor of the FLRW model. In the following, quasispherical Szekeres models will be referred to simply as Szekeres models. Since LTB models are also strictly speaking Szekeres models, Szekeres models which are specifically not spherically symmetric are sometimes referred to as anisotropic Szekeres models.
For a Szekeres metric combined with dust and a cosmological constant, the diagonal components of Einstein's equation yield (G N denotes Newton's constant):
The curvature function, k, and the integration constant, M , both depend on the radial coordinate only while A Model n m Qmax np mp sz1/ltb1 6 6 1.768 · 10 −5 10 4 sz2/ltb2 2 4 4.368 · 10 −3 2 10 TABLE I. Specification of anisotropic Szekeres models and their underlying LTB models. n and m specify k(r) and hence the LTB models while Qmax, np and mp specify the functions Q = P of the anisotropic Szekeres models.
depends on both r and t. The top equation is also valid for LTB models, while the expression for the density in the LTB limit reduces to ρ LTB = 2M,r c 2 βA 2 A,r because E ,r = 0 in the limit of spherical symmetry.
In general, neighboring voids and walls in the real universe are not expected to mass-compensate each other completely. Therefore, the most realistic void-wall Szekeres structures are presumably not those which reduce exactly to an FLRW model at a finite radius. However, by using such models, it is possible to obtain a larger packing fraction of voids in the Swiss cheese models without introducing discontinuities at boundaries between individual structures and the FLRW spacetime patches between the structures.
Consequently, the models studied here are constructed so that they at r = 40Mpc reduce exactly to the flat ΛCDM model specified by Ω m,0 = 0.3 and H 0 = 70km/s/Mpc. The comoving radius of 40Mpc of the void-wall doublestructures leads to a present day void radius slightly below 40Mpc for two of the models and approximately 30Mpc for the two other models.
Reported typical sizes of voids in the Universe depend highly on the employed void definition including e.g. limits on void depths (compare e.g. the findings of [47] and references therein with those of [48, 49] ). A void radius of approximately 40Mpc fits well within the (broad) range of void sizes of [47] [48] [49] and with the voids used in other Swiss cheese studies including [15, 17] .
The LTB models have two free functions and an extra degree of freedom from coordinate covariance in r. The coordinate covariance is here removed by setting A(t i , r) = a(t i )r, where t i is the age of the Universe at z = 1200 according to the ΛCDM background model specified above, and a is the scale factor of that model. The first free function which is specified is the time of the big bang, i.e. the time where A(t, r) = 0. It is here set equal to zero so that the models contain no decaying modes (any constant value of the big bang time is equally valid for this purpose -see [50] for details). At early times where the cosmological constant can be ignored, a big bang time of zero implies the following relation between k and M (see equation 2.14 in [51] ):
a, H and ρ bg denote the scale factor, Hubble parameter and density of the background model. The final specification of the LTB models is given by specifying k:
The numerical values of the two constants n and m are indicated in table I. r b is set equal to 40Mpc.
To further specify the Szekeres models, their dipole functions must also be given. Here, the choices S = 1 and P = Q are made, with P = Q specified as:
The numerical values of Q max , n p and m p are shown in table I.
The four models are denoted sz1, ltb1, sz2 and ltb2. Present time density profiles of the models are shown in figure 1 . The values of n and m have been chosen such that the resulting density contrasts are of similar size as those in the model studied in [17] and the void-profile used in [15] . However, the density contrasts of ltb1 and sz1 have been designed to be somewhat larger than the density contrasts of ltb2 and sz2 so that the effect of different density contrasts can be estimated. Q max , n p and m p have been chosen so that large anisotropies are achieved while keeping in mind that a steeper transition between under-and overdensity leads to slower numerical computations. The models have also been designed so that the anisotropy of model sz1 is concentrated around the overdensity of the model while the anisotropy of model sz2 is clear also in its void-region.
For simplicity, the Swiss cheese model based on model sz1 will also be referred to simply as sz1 and likewise for the other models.
A. Construction of the Swiss cheese models
The Swiss cheese models used here are constructed by arranging 1222 Szekeres structures with random (but fixed) orientations in a periodic box with side lengths of 860Mpc. The Szekeres structures are arranged as a random close-packing of hard spheres of comoving radii approximately equal to 43Mpc. The packing is obtained by using the Jodrey-Torey algorithm [52, 53] . For appropriate initial conditions (see [52] ), the Jodrey-Torrey algorithm leads to a packing fraction of approximately 0.64 which corresponds well with the experimentally obtained largest packing fractions of random close-packed hard spheres [54] . Since the radius of the close-packed spheres used here is slightly larger than the radius of the actual Szekeres structures, the packing fraction of the Szekeres structures in the Swiss cheese models is only 0.515. According to [55] , approximately 77% of the Universe's volume is made up of voids. However, as mentioned in [48] , the "packing fraction" of voids in the real universe depends on the employed definition of voids and survey analyses lead to observed packing fractions in the approximate range 0.3 − 0.75 [48] , with, for instance, the packing fractions reported in [48, 49] being roughly 0.3 − 0.4. Hence, the packing fraction of approximately 0.5 used here seems fairly reasonable. Note also that the packing fraction of 0.515 lies in-between those used elsewhere: On one hand, the packing fraction used here is much larger than that used in other Swiss cheese models constructed as fixed spacetimes. For instance, in [15] , the actual packing fractions of voids is only approximately 3 0.07. On the other hand, most Swiss cheese models are not constructed as fixed spacetimes. Instead, LTB or Szekeres structures are arranged on-the-fly along light rays which makes it possible to obtain a quite large effective "packing fraction" of voids along individual light rays.
A packing fraction larger than approximately 0.64 in Swiss cheese models constructed as fixed spacetimes can be obtained by using multiple-sized structures. Random close-packing of di-and polydisperse spheres can e.g. be obtained with the algorithms of [56, 57] . Only Swiss cheese models with single-sized structures are considered here.
A larger packing fraction can also be obtained by switching from a random close-packing to another close-packing distribution such as a cubic close-packing. However, the Swiss cheese models are more realistic when the distribution of structures are random. It should be noted though that even with a random close-packing og Szekeres structures, the distribution of matter in the Swiss cheese models is not particularly realistic and the models must be considered as merely toy-models of the Universe.
All four Swiss cheese models have identical distributions, orientations and comoving sizes of structures so that the only difference between them is the shapes of their structures.
III. LIGHT PROPAGATION
This section gives a very brief description of light propagation in Szekeres structures. For details, please see e.g. [17, 28, 58] .
In the geometric optics approximation, the paths of light rays can be obtained by solving the geodesic equations [59, 60] ,
where λ is an affine parameter, g αβ the metric tensor and k α the null-geodesic tangent vector. In order to obtain the angular diameter distance along these light paths, it is necessary to describe the deviation between neighboring light rays in a light ray bundle. Following extensions of early considerations described in [61] , this is done by using the transport equation [62] :
3 The packing fraction in [15] is given as approximately 0.34 for spheres of comoving radius 50Mpc/h. However, as mentioned in [15] , the LTB void model considered only deviates significantly from the FLRW backgrounds at r ≤ 30Mpc/h. Hence, the actual packing fraction of LTB structures is only approximately 0.07.
T ab is the optical tidal matrix and has the following components: (7) is the deformation tensor which describes the evolution of the shape of the screen space area of the given light ray bundle (see e.g. [62] for details). In particular, | det D a b | describes the angular diameter distance along the light ray when initial conditions are set appropriately (see [28] 
The results regarding the angular diameter distance will in the following section be represented by the shift,
, in the angular diameter distance, where D A is the angular diameter distance computed along a given light ray while D A,bg is the corresponding angular diameter distance in the background model at the same redshift. In standard first-order perturbation theory, fluctuations in D A are described by the convergence κ according to the relation D A ≈ D A,bg (1 − κ), i.e. δD A ≈ −κ. As mentioned in [63] , in first-order perturbation theory, the convergence can be split into five components, namely the ISW and SW contributions, the Shapiro time-delay contribution, the Doppler contribution and the gravitational convergence (see e.g. [64] for a derivation). The first three contributions are subdominant to the other two. The Doppler convergence arises due to redshift perturbations. In standard perturbation theory based on the Newtonian gauge, the Doppler convergence can be ascribed peculiar motions of the source and observer. In LTB and Szekeres models described in a comoving foliation of spacetime there are no peculiar motions but the Doppler convergence persists since the inhomogeneous spacetime induces fluctuations in the redshift. The Doppler convergence is a local effect that becomes subdominant to the gravitational convergence at redshifts z 0.5 (see e.g. [28, 65] ). The gravitational convergence is given by κ δ = , where δρ := ρ − ρ bg , r s is the radial distance from the observer (placed at the origin) to the source, and the integral is along the Born approximated light path. Clearly, the primary contributions to κ δ come from low redshift structures as density fluctuations at early times are suppressed compared to those at late times.
Since κ ≈ −δD A , these considerations also apply to δD A . It should therefore not be necessary to populate the entire universe along a light ray with structures in order to obtain the main parts of the effects inhomogeneities have on light propagation. Although all light rays are traced back to the time of last scattering, here defined 4 by z = 1100, light rays are therefore not entered into any new structures once the redshift exceeds seven, i.e. for z ≥ 7. By studying a few individual light rays it has been checked that this is sufficient to obtain the main part of the effects that inhomogeneities have on light propagation. Note though, that primary anisotropies of the CMB are due to inhomogeneities at the last scattering surface which are not included here.
As implied in the above discussion of the Doppler convergence, the redshift along light rays in the Swiss cheese models will fluctuate around the background redshift. As discussed in [2, 3] , these fluctuations should not accumulate over large distances since the Swiss cheese models studied here are statistically homogeneous and isotropic with structures only evolving a small amount during the time it takes a light ray to traverse them. This assertion is in agreement with studies based on redshift fluctuations in Swiss cheese models such as [31] which in fact show that the accumulation in the redshift fluctuation from even a single structure is typically negligible. The results of section IV A 1 show that this is also the case for the models studied here.
IV. RESULTS
In this section, the results obtained from studying light propagation in the four Swiss cheese models are presented. Just as the four models are identical except for the shapes of the individual structures, the position of the observer (placed randomly in an FLRW patch) and the lines of sight are the same in the four studies.
As part of the scheme used to distribute Szekeres structures in the Swiss cheese models, each structure was given a number. If two light rays in different models travel through the same sequence of structures, they will be said to travel through equivalent portions of spacetime.
A. Individual light rays
For each model, the redshift-distance relation along two individual light rays has been computed. The results are shown in figure 2. Note that the figures clearly show that the gravitational convergence becomes nonnegligible around z = 0.1 and becomes dominant before z = 1. As discussed in the previous section, this is exactly as expected and has earlier been studied in [28, 65] (see also [32, 64] ). Figure 2 shows the results along two groups of four light rays initialized identically but each in a different Swiss cheese model. Within these two groups, all four light rays turn out to travel through equivalent portions of spacetime. While it is not too surprising that the light rays of models ltb1 and ltb2 have equivalent paths, the result is less obvious for models sz1 and sz2 since light rays are bent significantly by the anisotropic structures of these models. Apparently, the bending of a light ray when it enters a structure is largely countered by the bending it experiences on its way out of the structure. It is not expected that such a result is valid in a general spacetime, i.e. if two general inhomogeneous spacetimes have the same distribution of (differently shaped) structures, there is no reason to expect that the null geodesics of the two spacetimes are equivalent. Instead, the result found here is expected to be due to the specific dipole nature of the anisotropy of the Szekeres spacetimes. Indeed, the anisotropy of Szekeres models is very special as it renders the spacetime outside the inhomogeneity entirely unaffected by the structure despite the general Szekeres structures not being spherically symmetric. This is an important feature of the Szekeres models as it is necessary in order for the models to reduce to FLRW models outside the structures and hence be appropriate for Swiss cheese constructions. Unfortunately, it seems that this same feature limits the extent to which effects of anisotropy on light propagation can be studied with these models.
As illustrated in figure 2, although the light rays travel through equivalent portions of spacetime, their redshift-distance relations are not identical. This is because the density distributions along the light rays are not identical and hence e.g. the gravitational convergence will not be the same along the individual rays. The smaller density fluctuation amplitudes of models sz2 and ltb2 compared to those of models sz1 and ltb1 therefore explain the smaller numerical values of δD A along light rays in the former two models.
While δD A is roughly the same in models sz1 and ltb1, there is a clear difference between δD A along the rays in models sz2 and ltb2. This could be a result of the fact that the anisotropy of model sz1 is most prominent at the overdensities of the structures while the anisotropy of the structures in model sz2 is significant also inside the voids. Indeed, the densities along the light rays in models sz1 and ltb1 are almost identical with only a small difference at the overdensities. Contrary to this, there is a clear difference between the densities along the light rays in models sz2 and ltb2. This can be seen in the close-ups of the density fields shown in figure 2. 
Expansion rate and shear
The redshift along a light ray can be computed as [2, 3] (see e.g. also [59, 66] ):
θ := u α ;α = θ + ∆θ = 3H + ∆θ denotes the local expansion rate while σ αβ = u (α;β) − 
It was argued in [2, 3] that the contributions of ∆θ and σ αβ e α e β should vanish up to statistical fluctuations in the integral of equation (9) for statistically homogeneous and isotropic spacetimes with slowly evolving structures. However, for the Swiss cheese model studied in [26] , it was found that the integrals of ∆θ and the projected shear did not cancel individually, but they did cancel with each other. As noted in [26] , it is interesting to see if this feature also appears for models without surface layers. The two quantities have therefore also been considered along the eight studied individual light rays. The results are shown in figure 3 . The figure clearly shows that the contributions from ∆θ and σ αβ e α e β cancel with each other to a high precision. It would be very interesting to learn if this is a feature particular to the Szekeres models or if it is a more general result.
As with the angular diameter distance results, the results regarding ∆θ and σ αβ e α e β are very similar for models sz1 and ltb1, and sz2 and ltb2, with the difference between the results of the two latter being slightly more prominent.
B. The line-of-sight averaged angular diameter distance to the last scattering surface
In figures 2(a) and 2(c), δD A is positive at high redshifts while it is negative in figures 2(b) and 2(d). The feature decisive for the sign of δD A is the "amount" of over-and underdensity along the light rays, with the negative δD A achieved when overdensities dominate sufficiently along a given light ray 5 . For the real universe, it is expected that light rays spend most of their time in underdense regions and hence a positive δD A is more common. In the Swiss cheese models studied here however, the light rays cannot enter into voids without also moving through compensating overdensities. On the other hand, it is possible for the light rays to move through overdense parts of the individual structures without entering into the underdense regions (this was also pointed out in [31] ). Therefore, it is a priori expected that a negative δD A should be more common in the Swiss cheese models. Table II shows the average shift in D A,ls , δD A,ls , obtained for the four models studied here. 98304 light rays have been used to compute the average for each model. Following the approach in [15] , the errors and confidence intervals have been obtained with a bootstrap approach (first introduced in [67] ), here based on 10 5 samples. Distributions of δD A,ls and δD A,ls are shown in figure 4 . For three of the four models studied here, the average shifts obtained are negative, corresponding to an average image magnification. As explained above, this makes sense intuitively. More importantly, it is in agreement with the analyses of e.g. [39] which shows that the angular diameter distance decreases upon line-of-sight averaging which is the type of averaging conducted here since fixed spacetimes are used. The corresponding 95% confidence intervals obtained for models ltb1 and sz1 are purely negative while their 99% confidence intervals contain zero and positive values. For model ltb2, already the 95% confidence interval contains positive values. In addition, the average angular diameter distance of model ltb2 is itself positive. However, the shift is very small and in particular much smaller than the estimated error (corresponding to one standard deviation), as is also the case for model sz2. Even for models sz1 and ltb1, the negative shifts are only significant to 2σ. It is notable that the results obtained here have such a low significance even though eight times more light rays were used here than in [15] , where a similar significance (1σ) was obtained for the void-model of that study. Also in [17] a much higher statistical significance was obtained with a much lower number of light rays. For models sz1 and sz2 this could be due to the larger density contrast of the models compared to those in [15, 17] . Models sz2 and ltb2 have density fluctuations closer to those in [15, 17] , but for these two models the lack of statistical significance is clearly a consequence of the small numerical value of the average.
The dominant sign (negative) of the shifts obtained here is opposite of that found in most other Swiss cheese studies based on LTB and Szekeres models and in particular of those found in [15, 17] (see e.g. [14] for one of the few exceptions). However, as mentioned in the introduction, the average in [17] must be considered an ensemble average and not an line-of-sight average 6 ; the results studied in [17] are obtained by tracing light rays along distributions of Szekeres models constructed on-the-fly and not in a fixed spacetime. Therefore, the averages of [17] are over different realizations of a light ray in a single direction, i.e. an ensemble average as described in e.g. [12, 39] . It was shown in [39] that the ensemble average of the angular diameter distance is increased compared to the background value (at second order). Therefore, the negative shift obtained here and the positive shift obtained in [17] are in agreement with each other and with second-order perturbation theory. The positive shift obtained in [15] is based on an line-of-sight average and "should" therefore have been negative. However, the seeming discrepancy can possibly be attributed to the fact that the results of [15] are (like those presented here) statistically insignificant. Indeed, due to technical details, the results obtained here were obtained using several sub-samples of light rays, including ones with 4/5 of the total number of light rays studied per model in [15] . Several of these sub-samples had positive shifts while others had negative.
As mentioned in the introduction, well-known estimates indicate that the ensemble of µ should equal 1 [41] and that the line-of-sight average of µ −1 should also be equal to 1 [40] , both being true only if the area of the relevant constant-redshift surface is the same as in the background FLRW model (see also [12, 39] ). The line-of-sight average value of µ − 1 and µ −1 − 1 together with confidence intervals and standard deviations for the models studied here are shown in table III. As seen, the results show good agreement with the expectation that µ −1 − 1 ≈ 0. On the other hand, µ − 1 is not likely to contain the value zero. This is also expected as it is instead the ensemble average of µ which should equal 1 and not the line-of-sight average computed here. Thus, while the results obtained here are again consistent with perturbation theory, they are not consistent with the results of [15, 17] . In fact, the results obtained for the void-model of [15] are the opposite of those obtained here with the line-of-sight average of µ corresponding well with 1 but the line-of-sight average of µ −1 being very unlikely to be consistent with the value 1. The results discussed in the erratum of [17] indicate that the obtained ensemble average of µ −1 is consistent with 1, again contrary to what is expected based on perturbation theory (if the total areas of constant redshift surfaces are largely the same as in the background FLRW models).
The average values, confidence intervals and estimated errors discussed above are very similar for models sz1 and ltb1, and sz2 and ltb2. This is in good agreement with the results of the previous subsection and shows that the effects of the anisotropy of the Szekeres models have a quite small overall effect on light propagation results, at least when light rays traverse entire structures. Also as in the earlier subsections, the agreement between the results of models sz1 and ltb1 are more striking than the agreement between those of models sz2 and ltb2. In particular, the sign of δD A are opposite indicating a poor agreement. However, the numerical values of δD A for these two models are quite small and have a very low statistical significance. Note also that the positive value δD A obtained for ltb2 can be understood in terms of the intuitive considerations at the beginning of this subsection, i.e. by noting that the overdensities surrounding the voids in ltb2 have quite small amplitudes. This means that effects on a light ray moving through overdensities without entering void regions are diminished compared to in the other three models. This feature also indicates that a particularly large sample size is needed in order to obtain a negative average shift (assuming that a negative shift is indeed the result obtained with the sample size going to infinity); as discussed in [39] , the fact that ensemble averages of D A,ls should be positive while its line-of-sight average should be negative indicates that it is more likely for a light ray to travel through underdensities while a few special light rays that travel more through overdensities have larger numerical values of their shifts so that they make up for (and more), for the positive shifts of the other light rays. 
V. CONCLUSION
Light propagation in four Swiss cheese models only differing in terms of the shapes of their individual structures was studied. In particular, the redshift-distance relation, shear and expansion rate were studied along light rays initialized equivalently in the four models. Despite the anisotropies of the Szekeres models, light rays initialized equivalently in the four models were all found to travel through equivalent portions of spacetime. The angular diameter distance along light rays in two of the models, models sz2 and ltb2, deviate significantly less from the background value than in the other two models, models sz1 and ltb1. This is consistent with the much more prominent density contrasts in the latter two models. While the angular diameter distance along equivalent light rays in models sz1 and ltb1 are similar, there is a noticeable difference between the angular diameter distances computed along the equivalent light rays of models sz2 and ltb2. This can presumably be attributed the particular anisotropies in the structures of models sz1 and sz2. Analogous similarities were found for the expansion rate and projected shear along the light rays. In addition, the integrals of the projected shear and of the fluctuations in the expansion rate along the light rays were found to cancel with each other to a high precision. This was also found in [26] and it would be interesting to learn if it is a particular feature of Szekers/LTB models or if the feature persists for a larger group of spacetimes.
The line-of-sight average of the angular diameter distance to the surface of last scattering, δD A,ls , was computed using 98304 light rays for each model. For the two models with largest energy-density fluctuation amplitudes, δD A,ls was found to be of order 10 −4 . For the two other models, it was two orders of magnitude smaller. For three of the four models, the shift was found to be negative. This is in agreement with perturbative results found in [12, [39] [40] [41] . Even in the single case of a positive average δD A,ls , the result cannot be claimed to be in discordance with perturbation theory since the result has a very low statistical significance.
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